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Tai liéu Lop Cao hoc Co khi

PHUONG PHAP SAI PHAN HUU HAN
gidi bai toan dan nhiét

Do yéu cau giai quyet cac bai toan thuc té, nhiéu nam qua da c6 nhiéu phuong phap sd phat trién. Phuong
phap phd bién nhat duoc st dung trong k§ thuat tinh nhiét 13 cac phuong phap sai phan hitu han, thé tich
hiru han va phan tir hitu han...ngoai ra con c6 phuong phap phan tir bién gidi. & ddy néu ndi dung co ban
ctia ba phuong phap dau.

- Phwong phdp Sai phan hitu han (SPHH) la phuong phap s6 twong ddi don gian va on dinh. Noi dung ciia
phuong phap nay la bién d6i mot cach gan dung cac dao ham riéng ctia phuong trinh vi phan chu dao thanh
thuong cua cac s gia twong Ung. Bing cich dung cac ho dudng song song vdi céc truc toa do dé tao thanh
mot mang ludi chia mién nghiém trong vat thé thanh mot s6 hitu han cac diém nut, roi xac dinh nhiét do
ctia phan tir tai cac nat d6 thay cho viéc tinh nhiét d6 trén toan mién. Nhu vay phuong phap SPHH di xap
xi cac phuong trinh vi phan dao ham riéng thanh cac phuong trinh dai sé. Két qua thiét 1ap dugc hé phuong
trinh dai s6 gdm n phuong trinh tuong tmg véi gia tri nhiét d cua n nit can tim.

Mire d6 chinh xac cua nghiém trong phuong phap SPHH ¢6 thé dugc cai thién nho viée tang s6 diém nut.
Phuong phap SPHH rat hitu hiéu trong viéc giai nhleu bai toan truyén nhiét phuc tap ma phuong phap giai
tich gap kho khan. Boi vy trong cac gido trinh truyén nhiét hién dai, phwong phap SPHH dugc trinh bay
kha k¥ cho chuong trinh dai hoc (Holman ..). Tuy nhién khi gip phai vat thé c6 hinh dang bat quy tic hodc
diéu kién bién gidi bat thuong, phuong phap SPHH ciing c6 thé kho sir dung.

- Phirong phdp thé tich hitu han (TTHH) c6 tinh té hon phuong phap SPHH va tré nén phd bién trong ki
thudt tinh nhiét va dong hoc dong chay (Patankar 1980). Trong tinh nhiét, phuong phap TTHH duya trén co

sO can bang ning lugng ctia phén t6 thé tich. K§ thuét thé tich hitu han tap trung vao diém giita phén t6 thé
tich rat tuong tu voi phuwong phap SPHH (Malan et al 2002).

2.1 . Bai toan 6n dinh hai chiéu

1. Phuwong trinh sai phan hiru han
Phuong trinh vi phan dan nhiét 6n dinh hai chiéu c6 dang :
o 0°T

¥+$:0 (2.1)



Xay dung phu'orng trinh sai phan hiru han (SPHH) nhu sau :

Chia vat thé boi mot mang cac duong vudng goc ¢ bude mang Ax, Ay,
(g v&i hai chiéu X,y. Khi do tai diém nut i,j cac dao ham béc nhit va bac
hai ctia nhiét d6 viét dang sai phan nhu sau (hinh 2.1) :

oT AT T, g T, ;
6x Ax Ax

or AT _T,,-T,

S
O°T _ A(AT) _ (T, -T,)- (T, ,-T. )
ox?  (Ax)? (Ax)?

0T A(AT) (T =T )= (T, =T ;)

ay?  (Ay)? (Ay)?

Thay (2.2) va (2.3) vao phuong trinh vi phan (2.1) s€ dugc :

(Ti41j-Tij)—(Tij—Ti-1) n (Tij41-Tij)—(Tij—Tij-1)

(4x)2 @y)? =0

(2.4) 1 phuong trinh SPHH dén nhiét viét cho diém nut (i,j)
2. X4y dung hé phwong trinh bic nhat
Dé giai (2.4) , c6 thé chon Ax = Ay. Khi d6 sé& duoc :

1
Tij =7 (Tim1j + Tivnj + Tyjoa + Ty jur)

Ay_ J+1

i,j+1

i livd

Ay_‘_j _> i-‘l,j

Ay__.i-l

Hinh 2.1. Mang cac diém nat

Vay nhiét d¢ tai diém nut bang trung binh cong ctia bon diém nut xung quanh .

2.2)

(2.3)

(2.4)

(2.5)

Tu (2.5) viét 1an Iuot cho cac diém, roi chuyén cac nhiét d da biét sang vé phai, cac nhiét do chua
biét sang ve trai, sap xép lai s€ dugc n phuong trinh cho n diém nut chua biét nhiét dd bén trong

vat, tao thanh h¢ phuong trinh bac nhét :

ain +a,7, +..+ +a,T, = C 1
a1 +a,l, +..t +a,T, = C,

+a,l, +..+ +a,T, = C

(2.6)



Tir d6 c6 thé giai ra cac nhiét d6 can tim bang cac phuong phap: Gauss, Gauss Seidel, Gauss
Jordan, Ma tran nghich déo ...

2.2 . Bai toan din nhiét khong 6n dinh mét chiéu

1. Phuwong phap Ma tran nghich dao

Phuong trinh vi phan din nhiét khong 6n dinh 1 chiéu

2
o _ q2T 2.7)

at 0x2

a. Cac diém bén trong vat
Goi p 1a thoi diém trude, (p+1) 1a thoi diém sau. Phuong trinh (2.7) duoc sai phan hoa nhu sau :

ar _ar _ 1fT-17

ot At 4t (2.8)
V& phai cua (2.8) viét cho thoi diém sau (p+1) :
9%T _ A(4T) _ @ =P =P -l
axz . @0? ax)? (2.9)
thay (2.8) va (2.9) vao (2.7):
i @y =P TR
—-=a @ (2.10)

(2.10) 12 phwong trinh SPHH dén nhiét khong 6n dinh 1 chiéu, dé giai (2.10) can bién ddi:

(j;‘)rz (T2 =2+ T = TP =17 (2.11)
bat Fo = % s€ duoc
TP — TP = Fo. (TP%' — 217 + T (2.12)
vay :
—FoTP*' + (1 + 2Fo)TP*! — Fo. TR} = TP (2.13)

Phuong trinh (2.13) biéu thi cac nhiét do tai thoi diém sau theo nhiét d9 tai thoi diém trude.

b. Cac diém trén bién



Céc diém trén bién c6 i = 1. Phan t6 bé mit vat c6 bé day Ax/2, dién tich Ay.Az = Imx1m, nhan nhit tir
moai truong va nhiét tr phan to lién ke phia trong (i = 2)
- Dong tod nhié¢t tir moi truong bén ngoai to1 sau thoi gian At :

qn = h(TP™ = TP ) 4r (2.14)
- Dong nhiét dan tir phan t6 bén trong t&i sau thoi gian At:

k +1 +1

Qi = - (TP = 1P A (2.15)

Do ting ndi ning dU phan t6 sau thoi gian At :

dU = cp. AV(IP* = TP) = cpZ (1P = T7) (2.16)

Do ting nodi ning dU bang téng hai dong nhiét trén :

WP = TP ) a4+ — (@ = TP D ar = cp Z (@) - 1)) (2.17)
k hdx At p+1 p+1 k 4t p+1 p+ly _ pp+l _ mp
2w Tk T ) +2 Sar L~ =T T} (2.18)
3t Fo =72 )TZ, Bi = ”% a= % ; Fo la tiéu chuan Phurié, Bi la tiéu chuan Bid, a 14 h¢ s6 khuyéch tan nhiét
do s€ duoc :

2Bi. Fo(TP™ —TP*') + 2Fo(TP ™ — TP*Yy = TP* — TP
Chuyén nhiét do va cac dai lugng da biét sang vé phai
(2Bi.Fo + 2Fo + 1).TP*' — 2F0. TP*" = 2Bi. Fo. T¥*' + TP (2.19)
(2.13) va (2.19) la cac phuong trinh dang ham & an d6i v6i nhiét do can tim cac diém ¢ thoi dlem sau theo

nhiét do thoi diém trude va nhiét do moi truong. Tir 6 c6 thé thanh 1ap hé phuong trinh tuyén tinh cac
nhiét do can tim sau :

a11T1 +a12T2 +...+ +a1nTn = Cl
a21T1 +a22T2 +...+ +a2nTn = CZ (2 20)
aanl +an2T2 +...+ +annTn = Cn

trong do:
aj 1a céc hé s cia nhigt do phai tim,
Ti lanhiét do can tim & thoi diém (pt1), viét gon cua
Ci la cac hé sb chinh la nhiét do da biét & thoi diém trude

TP+1

H¢ trén viét dang ma tran nhu sau :



[a;; [{T:} = {C:} (2.21)
trong do:
[al- j] la ma tran vuong g6m cac hé sb cua nhiét do phai tim,
{T;} 12 ma tran cot gdm nhiét d6 can tim & thoi diém (p+1)
{C;} 1a ma tran cot gom cac hé so chinh la nhiét d6 da biét ¢ thoi diém trude
Tur d6 gidi ra cac nhiét do can tim tai thoi diém (pt1):
-1
{1} = [a;] (C3 (2.22)
[ai j]_l la ma tran nghich ddo cua [aii],
Sau khi giai ra céc nhiét d¢ tai thoi diém nao do, thi cac nhiét do da biét nay tro thanh hé s6 [Ci] trong
phuong trinh (2.22) dé€ tinh céac nhi¢t do & thoi di€ém ti€p theo
2. Phuwong phap tinh lap
a. Cac diém bén trong vt
Goi p 1a thoi diém trude, (p+1) 12 thoi diém sau. Phuong trinh (2.7) dugc sai phan hoa nhu sau :

p+1_.p
oA (2.23)

5; AT AT

V& phai cua (2.7) viét cho thoi diém trude p

9%T _ AU4T) _ @l ~tH)-aP -8 )

dx2 ~ (Ax)z (Ax)z (224)
thay (2.23)va (2.24)vao (2.7) :
L A Wy 19 Wl P19
———=a @0 (2.25)
Pé giai (2.25) can bién ddi nhu sau :
+1 a.At
TP — TP = o7 (Tf,—21" +TE ) (2.26)
bat Fo = a'ATZ s€ duoc :
(4x)

p+1 b _ p D 4
Vay :



TP*' = Fo.T? | + (1 — 2F0.)TP + Fo.T}, (2.27)

Phuong trinh (2.27) cho biét mdi nhiét do tai vi tri i & thoi diém7sau (pt+1) dugc tinh theo cac nhiét do o thoi
diém trudc. Phuong trinh c6 dang ham tuong, boi vay khong the 1ap ma tran dugc ma phai tinh dan. Co thé
ap dung phuong phap tinh 1ap.

Pé cac nghiém hdi tu can diéu kién :
(1-2Fo) =20 (2.28)
tac la :
Fo<?
2

hay phai chon budc thoi gian di nho :

(4x)?
2a

(2.29)
b. Céc diém trén bién
Phan t6 bé mat vét ¢ bé day Ax/2, dién tich Ay.Az = 1x1 nhéan nhiét tir moi trudng va nhiét tir phan t6 phia
trong
- Dong tod nhié¢t tir moi trudng bén ngoai to1 sau thoi gian At :
qn = h(TY — TP )At (2.30)
- Dong nhiét dan tir phan t6 bén trong t&i sau thoi gian At:
k= (T =Tt (2.31)
- o ting ndi nang dU phén té day Ax/2 sau thoi gian At :

dU = cp. AV (TP — Tp)—cp (TP - TP) (2.32)

- B¢ ting ndi nang dU bang tong hai dong nhiét trén :

W(TE = TP AT + = (1) =TT = cp 5 (177 = 1) (2.33)
Hay
k hAx AT k At +1
2 (T~ T + 2o () =T = TP = T7 (2.34)
_adt AT . hAx _L
Véi Fo= ( )2, Bi=——a= ” s€ duoc :

2Bi.Fo(T} — TP) + 2Fo(T} —TP) = TP*' = T

Chuyén nhiét d9 tai thoi diém sau can tinh sang vé trai, chuyén cac dai luong da biét va nhiét do thoi diém
7



trude sang vé phai
TP*' = 2Bi.Fo.T} + (1 — 2Fo — 2Bi.Fo)T} + 2FoT} (2.35)

(2.35) 1a phuong trinh dang ham tudng cho biét nhiét do tai bién thoi diém sau tf 1 theo nhiét d6 cac diém
thoi diém trudc.

Diéu kién dé xac dinh TP, tirc nghiém hoi tu cin phéi thoa mén :
(1- 2Fo0 -2Bi.Fo) > 0 (2.36)
2.3. Bai toan din nhi¢t khong 6n dinh hai chiéu
Bai toan dan nhiét khong on dinh hai chiéu, véi diéu kién bién hdn hop loai 2 va loai 3 dugc mo ta boi

- Phuong trinh vi phan din nhiét 6n dinh hai chiéu:

O v = o (U4 2T
=arT=a(55+57) (2.37)

- biéu kién bién loai 2 : véi mot bién gid st la chitnhatcox=0+a;y=0+b

qlx=0=qu(7) ; qlx=a = q2(7) } (2.38)

qly=0=q3(7) ; qly=0 = qa(t
- Diéu kién bién loai 3 :

oI g o lzpp }

0X|x=0 k 0X|x=a k

or — _hs pp 0T N

Teyeo = "1 T, = AT (2.39)

Dbi véi cac hinh phtre tap khong thé giai bang phuong phap giai tich, nén phai ding phwong phap sb. Mot trong
cac phuong phap so 1a PP SPHH duoc xay dung nhu sau :

Chia vat thé bdi mot mang cac duong vuong Ay | ™ it
gdc ¢o bude mang Ax, Ay, (ng v6i hai chiéu . e et
x,y. Khi do tai didm nut i,j cac dao ham bac e e e
nhit va bac hai cua nhiét do viét dang sai phan ay_| J1 Lot
nhu sau ( hinh 2.2) :

N\

1-1 i i+l

|Ax|AxIAx|

a. Cac diém bén trong vat .
Hinh 2.2. Mang céc diém nut

Tai nlt i, j , & moi thoi diém céc s6 hang cé the viét



0*T _ AAT) _ (Tiv1j=Tij)=(Tij=Ti—1,;) _ Ti-1,j=2.Tij+Tit1

~ = 2.40
d0x? (4x)2 (4x)? (4x)2 (2.40)
0T AAT) _ (Tij+1—Tij)—(Tij=Tij-1) _ Tij-1=2T;j+Tij+1 (2.41)
dy?  (4y)? (4y)? (4y)? '
Riéng dao ham theo thoi gian ludén cé
p+1i_.p
oT AT ﬂj _nj
ot At AT (2.42)
Viét (2.40), (2.41) & thoi diém p rdi cung vai (2.42) thay vao phwong trinh vi phén (2.37) s& duoc :
p+il_.p P P P P P, P
Ty ~Tij k(T =274 Ty | Tijea 72704 jaa (2.43)
AT c.p (4x)?2 (4y)? '
Viét (2.40), (2.41) & thoi diém (p+1) rdi cung véi (2.42) thay vao phuong trinh vi phan (2.37) s& duoc:
p+1 p p+1 p+1 p+1 p+1 p+1 p+1
Ty ~Tj _ k (Ticy=2Th *Tyy | Ty 2T 4T (2.44)
AT c.p (4x)2 (4y)? '

(2.43) va (2.44) s& dan t6i cac hé phuong trinh nhiét d6 tai cac diém nat bén trong vat, giai theo phwong phap
khéc nhau.

- T (2.43) s€ co:

P P P P PP
TP _ (Ti—1,j_2'Ti,j+Ti+1,j Tijm1=2 T+ i ja
ij

k- p
(4x)? (4y)? )c.p AT+ T (2.45)

(2.45) 1a dang ham tuong vi vé trai chua mot nhiét do tai diém ij ¢ thoi diém (p+1), phai giai bang phuong
phap tinh thé dan.

- Tu (2.44) sé€ co:

ij—1 ij+1 = AT — tlp;-l — tlp] (246)

p+1 p+1, ,p+1 p+1 p+1, ,p+1
ti—l,j_z'ti,j +ti+1,j t: _Z'ti,j +t; k
(4x)? (4y)? cp

(2.46) 1a dang ham 4n vi chud nhiét do cac diém 6 thoi diém (p+1). (2.46) tao thanh hé n phuong trinh bac nhat,
giai bang phuwong phap ma tran nghich déo, c6 thé chon budc thoi gian At tuy y.

Tir (2.45) va (2.46) c6 thé tim duoc nhiét d0 tai cac diém bén trong vat.

b. Cac diém trén bién



Cac diém trén bién phai ap dung phuong phap can bang ning luong trén phan t6 thé tich .
Tai bé mit diéu kién loai 2 duoc quy vé diéu kién loai 3 tai thoi diém p nhu sau :

- Diéu kién loai 2 :
Dong buc xa 12 qr(t) = &.17,v6i & 1a hé s6 hap thy cia vat, I 1a ning suat birc xa chiéu t6i.

- Diéu kién loai 3 :
Dong doi luu tir khong khila qx(t) = A(Tf —TFE)

- Dong nhiét tong :
gs(® = WTE~TH) + ed” = h(Tf + 2~ TF) = h(Th — ) (2.47)
trong do : )
TP, TP 1anhiét @6 khong khi va nhiét d6 bé mit ctia két cau
h,e 12 hé s6 toa nhiét va hé sb hép thu ctia bé mat
el?

=—  lanhiét do quy doi ctia birc xa
IP AL A ) A 1 R 24 ,
Th =TF + 87 1a nhiét do twong duong cua khong khi c6 ké dén birc xa
Theo nguyén 1y bao toan ning luong thi tai phan tir thudc nut (i,j) tong cac dong nhiét nhan dan dén phan tir

tir xung quanh sau thoi gian At bang d6 ting ndi ning cta phan tir. Bi vay phuong trinh can bang ning lugng
viet cho céc phan tu (dugc gidi han bdi duong nét dut trong hinh) nhu sau :

L . |
ey AT R E itl.
i-1J .._1'.-,i,|.‘i__._l+t.j Ay :._ b _ ) iyl
Ll i j~ . Jlr

="

Hinh 2.3 a Hinh 2.3 b Hinh 2.3 ¢ Hinh 2.3 d.

+ Céac phan tir bén trong mit cét , hinh 2.3 a : Phan tir (i,j) rong Ax , cao Ax, dai 1m :

[(Tp+1 _ p+1) k

k k k
p+1 p+1 P+l _ mp+l P+l _ mp+1 _
P (rhr. -1k )—AxAy + (T T, )—Ay Ax + (T, T, )—Ay Ax] At

1+1,j i,j i,j—1 i,j i,j+1 i,j

= cp. Ax. Ay(TF™ = TP, (2.48)

+ Tai bién gioi tiét dién, phan tir rong Ax, cao Ay/2, hinh 2.3b, c6 birc xa va ddi luu tai mat trén:

k Ay k Ay k
+1 +1 +1 +1 +1 +1 +1 +1
[(Tp - p (Tl}il] B lp] (Tlpf 1 lp] EAx * h(T;K p )Ax] At =

— cp.AxATy (T - TP, (2.49)
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+ Céc phan tir tai goc 16i, hinh 2.3¢ : phén tir r6ng Ax/2, cao Ay/2, ¢ blrc xa, d6i luu tai 2 mit 16i ngoai

k Ay k Ax Ax
p+1 p+1 p+1 p+1 p+1 p+1 p+1 p+1 _
[(T — l] A_7 + /’I(T — T ) (Tl] 1= l] Ay > —+ h(T Ti,j 7] At =
_ Ax Ay p+1 14
=cp (T - TP (2.50)

+ Cac phan tir tai goc khuyét trong, hinh 2.3d : rong Ax, cao Ay, c6 dbi luu, birc xa tai hai mat khuyét :

k A k 3
[(TP+1 TP+1 =z (Tp+1 T Ax'Ay+h(Tp+1_Tfj+1)7y] AT +

Ax 2 i+1,j L,j
p+l _ pp+l k 4ax TP+l p+1) 4x p+1 p+1\ k _ 3 p+1 p
+[(le 1= T3 )A +h( —T;; )?+(TU+1—TL.J- )E.Ax]Ar—cpZAxAy(Ti’j —-T;;
(2.51)
.14 \ 4w k AT , h.Ax \ , \ A~
Sau khi lay Ax = Ay ,vadit Fo = >< @07 Bi = > thay vao cac phuong trinh trén s& dugc :
Phuong trinh tai cac phan tir thudc nit bén trong :
—Fo(TPLL + TR + TR + TP + (L + HFoTl = TF, (2.52)

Phuong trinh tai cac phan tir thudc nut trén bién :

—(TP L + THL, + 2TF T )Fo + (1 + 4Fo + 2Bi. Fo)T} = TP, + 2Bi. Fo. TH' (2.53)

Phuong trinh tai cac phén tir thudc nat & goc 10i :

—2Fo (TP + TR + [4Fo(Bi + DTS = TF, + 4Bi. Fo.TE! (2.54)

Phuong trinh tai cac phan tir thudc nat & goc 16m :
—2Fo(TPRY + 2P, + TF + 217 + (4Fo + 3 Bi.Fo + 1) TH™ = TF, + 3 Bi. Fo.TE'  (2.55)
(2.52),(2.53), (2.54) va (2.55) 1a cac phuong trinh dic trung dé tinh nhlet do tai cac nut trong bai toan dan nhiét

khong 6n dinh hai chiéu, tuy thudc vi tri nat cu thé trong hinh mat cit ma céc chi sb i,j duoc ldy gia trj twong
tmg. Tir d6 viét 1an luot cho cac nit, 1ap thanh hé phwong trinh bac nhat cta nhiét do.

2.4. Giai h¢ phuong trinh tuyén tinh ciia nhiét do

Khi nhiét d6 viét dang ham an duoc biéu thi bai hé phuong trinh

a11T1 +a12T2 +...+ +a1nTn = Cl
a21T1 +a22T2 +...+ +a21Tn = Cz (2 56)
aanl +an2T2 +...+ +annTn = CTl

11



Viét dang ma tréan :

aj; Q2 413 ain] (T, Gy
Az1 Qzz QA3 ax | )T ) G (2.57)
an1 An2 ans Ann Tn Cn
Cac phwong phap gidi thong dung
1. Phuong phap dinh thire
ai1 A1y Qg3 QAin G, a;; a3 Ain
_|G421 Q22 az3 Q| o _|C az a3 zn |,
D = ;D = ;
Ap1 Ap2 Qps Ann Ch apy aps Apn
a1 G ag3 A1n ai1 Q12 Qi3 Gy
D, = az; € ays QAzn D. = A1 Az dz3 G,
2 = ) o MYUn — ’
an1 Cp  aps ann an1 QAp2 Qn3 Cn
‘A ~ 13 D D D
Nghiém s& la T, = El; T, = ;2; iTw =235 (2.58)

2. Phuong phap Gauss

Bién ma tran vudng a;; thanh ma tran “tam giac”.
Phép bién d6i ma tran duya trén nguyén tic bién ddi hé phuong trinh co ban quen thudc sau:
1. Nhén (hay chia) mot phuwong trinh v6i mot hing sé thi phuong trinh d6 khong dbi
2. Cong (hay trtr) mot phuong trinh véi mot phuong trinh khac trong h¢ sé dugc phuong trinh méi tuong
duong v6i twong voi phuong trinh ban dau

Thi du 2.1 : Cho hé phuong trinh (al), (bl)

Hé ban dau: hé 1

ap dung tinh chat 1 véi (al)

ap dung tinh chat 2 véi (b1)

2x +2y =4 (al)
x +4y=3 (bl)

(al)2—>x+y =2 (@2) | hé2=héel
x+4y=3 (bl)

x+y =2 (@2) L hé3=he2
(b1)-(a2)— 0 + 3y =1 (b2)

(b2) >y=1/3;(2) >x=2-y=2—1/3=5/3.

Thir lai : (al) : 2.(5/3) + 2.(1/3) = 12/3 = 4
(bl): 5/3 +4.(1/3)=9/3 =3

Cadc budc cua phwong phdap Gauss

Hé ban dau
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1 1 1
[a11 aiz e aln] T Ct

1 1 1

a1 Az an| )2 _JC )
|a1 al, ai al | B

31 @3z 0Azz... d3p T o

1 1 1 1
lanl anz ang. . annJ n Cn

a. Lam céc so hang dau cua moi hang thanh 1, bang cach chia ting hang cho s6 hang dau tién cia moéi hang do:

1 /.1 1 /.1 1 /.1 17,1
[ai1/a11  arz/an amn/a11] (T, (ci/ai;)
1 /.1 1 /.1 1 /.1 1.1
az1/az, Azz/az; azn/az | ) T2 _ ! C;/az L
1 /.1 1 /.1 1 /.1 1 /.1 = 1
la31/a31 asy/az; asz/az;... a3n/a31J T l---/ale
1 /.1 1 /.1 1 /.1 1 1 1.1
anl/anl anz/anl an3/an1- e ann/anl n Cn/anl
2 2
[1 as, e ain] (T, (Cf\
|1 as, ... a3, )T _ )2 2
2 2 2 =
[1 as, ass... a3nJ -
1 a2, a%,... az,)\In Co

b. Tir hang thr 2, 1am céc s hang dau cua cac hang bang 0, bang cach 1ay cac hang 2, 3..n trir di hang 1 :

[ 1 a?, atn (T, (¢ 1 af, ... ah] (T,
‘1 -1 (agz - a%z) (a%n - a%n) T, — (C22 — Clz) _)I 0 agz agnl T,
1-1 (a§2 - a%z) (a§3 - af3). . (agn - a%n) T 2 [0 agz a§’3... agn T
1-1 (ap,—ai,) (ahs—ais)... (ahn, —afy) n (Cr = C1) 0 ay, Qpz... Goy n

ct

3

Ca

c. Tir hang 2 tré di , 1am céc s6 hang thir 2 ctia mdi hang thanh 1, bang cach chia mdi hang cho sb hang thir 2
cua hang d6 (ttrc 1ap lai bude 1 voi hang 2 trd di)

[1 a?, ain 1/(T, C2 1 af, ... a&](T, (€A
lo a3,/as, agn/agzl T, _ c3/a3, N |0 1 ag... agn| T, _ Cy )
[0 a3,/a3, a3;/a3,... ag’n/agz‘ [0 1 ai;... a§nJ i f

0 a3,/a, a3;/ad,... ad,/a3,]\In C3/anz 0 1 at... at,I\Tn Cr

d. Lam céc s6 hang tht hang tht 3 tré di bang 0, bang cach 14y hang 3, 4.. n trir di hang 2 (tirc lap lai budc 2
v6i hang thu 3 trd di)

1 d, . atn (T, c? 1 af, ... a1y (C)
|0 1 als... at. | T, e 0 1 ab.. at|)7T, c4
4 4 4 4 = 2 - 5 s =42,(05
[0 1 - 1 a33 - a23... a3n - a2nJ e es |0 0 a33... agnl e es
0 1-1 a*—ak... at, —at I\Tn ci-c¢i) o o ass... afan T Cy



e. Lap lai budc 1 doi v6i hang 3 tro di ...dé cac s6 hang thtr 3 ciia mdi hang tré thanh 1
1 a? az, T ( C1 [1 a?, ... a%n] T, (c2)
0 1 ass... as, T, ! ! 1 ajs... a‘z*nI T, ! Cy !(6)

|0 0 a3s/als... a3,/a3s| C3 /a33 lO 0 1... agnJ Cs..

lo o n3/Ang---  Ann/0ns Tn L rFl’/an3J 0 0 L. ampy Tn

=

g. Tiép tuc nhu vy cho dén khi sb hang ak,, = 1, thi s& dugc tam giac sau

[1 az, ... afn] T, (612]

0 1 ak.. at|)T2|_ ) C -
6 To( ) ce ™

0 0 .1 aS,||T 5.

0 0 0 1 I\Ty ck

h. Giai ra tinh nguoc tir duédi 1én: hang dudi cfmg T, =Ck;
hang chira T3 ¢6 : T + a$,,T, = C$ - T3 = a$,,T, — CS..

3. Phuwong phap Gauss - Jordan

La phuong phap bién ma tran [a;; ] thinh ma tran don vi.
Gia str da c6 hé phuong trinh ban dau 14 ma tran tam giac la

1 ai, ajs... ai,1(Th C1
[0 1 als... a%n} (_])C

0 .1 a||Ts( |G-
lo o o 1\, Ca

a. Lay hang 2 1am gdc, nhan hang 2 véi ai, s& dugc:

) 0 ai, af; ... a3, l{T.}={C5}
Lay hang 1 trir di hang vira c6 ¢ trén

1-0 al,—al, al;—a%... al,—ad3,1(Th (CE—C3 1 0 d%... a4, (T,
0 1 als. .. al, ]Tz :! Gz !_JO 1 als... a%n] T\ _
0 0 1 ak, T3 Cs.. lo 0 .1 a%nJ T3
0 0 0 1 T L cl J o0 o 14\
()
<L
Ci..
Ca
b. Lay hang 3 1am gbc, nhan hang 3 véi al; s€ duge: |0 0 als ... a2,|{T3} = {C2}; Ly hang 2 trir di
hang vira c6
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2
1o ds.. aZ, 1Ty [ ¢ ) o ah.. aq(my [CF)
0 1 als—abs al,—a%|)T2(_JC;—C3 0 1 az |) T2 _ ) CF
1 T ( 1 - 1 T.(  )c? @
0 0 ...1 agn 3 C3-- 0 0 1 a3n 3 C3..
lo o 0 A ct lo 0 0 A ct

C. Tiép tuc nhu vay sé duoc

1 0 d4... a1 (Ts (C121
01 0. a|)(_)C @
00 .1 o0][|Ts cZ..
00 0 1 1\ ok

d. Dé triét tiéu a?; cua hang 1, 1dy hang 3 1am gdc, nhan hang 3 v6i aZ,, ri 1y hang 1 trir di két qua méi c6.

10 0..a3 &) (T [&)
01 0. a|)Tl_]JC 5)
o0 .1 o0f|Ts C3.
00 0 1 1\T, oF;

e. Dé triét tiéu a3, ciia hang 1, 1dy hang 4 1am gbc, nhan hang 4 véi a3, roi lay hang 1 trir di két qua mai co.

1 0 0.0 o 1(T [¢)

0 1 0..a%3 a|)T2 :!szl(@
o0 .1 o] C3..

0 0 0 1 1\ [0F;

Cir nhu vay dén khi hang 1 chi con sé hang dau , cac sb hang khac déu bang 0.
Tiep tuc 1am véi hang 2, 3, .n

g. Cudi cung c6 ma trdn don vi nhu sau, va c6 ngay cac nghiém can tim

k k
10 0.0 o)(Ty [C) T, it )
0 1 0.0 0f)T2(_J G L{_) G
0 0 0.1 0|)Ts( \ck.[~ Ts..( ") ck. (2:59)
0 0 0 1 Tn Ck Tn Ck

4. Phwong phap Gauss - Seidel

Noi dung co ban cua phuong phap nay la cach tinh l@p. Phuong phap Gauss- Seidel bao gdm céc bude sau. Ban
dau chuyén h¢ phuong trinh nhi¢t 46 dang ham tuong cho cac nut dang nhu sau

Tl = a21T2 + a31T3+. . +an1Tn; (1)
T2 = a12T1 + a32T3+. . +an2Tn: (2)
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. Ty = ainTy + agn T+ +an_1,Th-1; ()

Lan 1:

- Budc 1. Trir mdt nhiét do tai nut 1 (hoac nut m nao d6 dinh tinh trudce tién), tat ca nhiét do con lai cho béng
khong, thay vao (1) tinh ra T

- Budc 2. Thay céc gid tri T1 méiva T3 =0, ..,Tn = 0 vao (2) tinh ra T

- Buodc 3. Thay cac gia tri T1, To méi va T4 =0, ..,T, =0 vao (3) tinhra Ts. ......

- Budc n. Thay cac gid tri Ty, Tz, ..., Tn-1 m&i vao (n) tinh ra Ty,

Nhu véy khi tinh dugc mot gia tri nhiét do mé1 phai sir dung ngay trong cac phuong trinh con lai . Nghia la moi
phuong trinh luén phai nhan dugc gia tri méi nhat néu c6, cho dén phuong trinh cudi cing.

Lan 2: Lap lai tr dau .

- Budce 1. Thay céac gid tri Tz, T3, .., Tn vira c6 ¢ lan 1 vao (1) dé€ tinh T méi.

- Budc 2. Thay cac gia tri T3, .., Tn cualan 1 da c6 va T1 moi vao (2) dé tinh T> mai... Ti€p tuc nhu lan 1 dén
Th

Qué trinh tinh duoc tinh 13p lai 1an 3 , 1an 4 ...v6i cac gia tri nhiét d0 méi nhat, cho dén khi nao chénh léch
nhiét dg tai moi diém ¢ hai lan tinh sat nhau nho té1 mue du chap nhan thi dirng.

Thidu2.2 ‘ ‘
Giai bé@ toan on dinh ’hai chiéu diéu kién bién loai 1:
Mot dam bétong , ti€t dién ngang c6 hinh dang nhu hinh i
bén cd Ax=Ay. Biét nhiét do tai cac canh va gbc cua giét wl i
dién nhu trén hinh 2.4 . Xac dinh nhiét do tai cac diém 60 80
bén trong.1,2,3,4,5,6 . L -
40
Gidi : Do Ax= Ay theo (4) cac nhiét tro thanh phan cta _ I
moi phan td déu bang nhau la Rj=1/A ,nén s€co: Hinh 2.4. Ch&? mle;ng tiét dién
1 am bétd
Tyj == (Tu + T+ Tis + Tia) . ngang dam betong

Tai cac diém 1,2,3,4,5,6 viét duoc 6 phuong trinh nhi¢t 46 dang ham tuong sau :

T = (T2 + 60+ 100 + 50)/ 4 (1) T4= (T3 +100 + 80 +70 )/ 4 4)
To=(T:1 + T3 +Ts+100)/4 (2) Ts=(T2a+Te+50+40)/ 4 (5)
T3 =(T2+ T4+ Ts + 100)/4 3) Te=(T3+Ts+70+40)/ 4 (6)

Budc 1: Thay To=0; T3 =0; T4=0; Ts=0; Te =0 vao (1) tinh dugc T1= 52,50
Budc 2: Thay T1=52,5 (gid tri méi) va T3=0; Ts=0 vao (2) tinh dugc T>= 38,125
Budc 3: Thay T, = 38,125 vao (3) tinh dugc T3 =34.5313

Buéc 4: ... tiép tuc nhu vay sé tinh dugc T4, Ts, Te the ty nhu sau:

52.5000 38.1250 34.5313 71.1328 32.0313 44.1406
Céc lan sau : Két qua tinh lap sau 8 lan viét theo ma tran hang T = [T T2 T3 T4 Ts Te] nhu sau

(1) 52.5000 38.1250 34.5313 71.1328 32.0313 44.1406
(2) 62.0313 57.1484 68.1055 79.5264 47.8223 56.4819
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(3) 66.7871 70.6787 76.6718 81.6679 54.2902 60.2405
(4) 70.1697 75.2829 79.2978 82.3245 56.3808 61.4197
(5) 71.3207 76.7498 80.1235 82.5309 57.0424 61.7915
(6) 71.6875 77.2133 80.3839 82.5960 57.2512 61.9088
(7) 71.8033 77.3596 80.4661 82.6165 57.3171 61.9458
(8) 71.8399 77.4058 80.4920 82.6230 57.3379 61.9575

Budc 6 : Sai sb tuyét ddi 2 1an cudi twong tng 14 :
0.0366 0.0462 0.0259 0.0065 0.0208 0.0117

1a qua nho nén c6 thé ding phép tinh lip . 7
Néu tinh theo phuong phap ma tran nghich ddo , nhi¢t d cac diém tuong ing sé 1a :

71.8630 77.4380 80.5120 82.6310 57.3340 61.9500
Céc bai toan thyc té c6 sd nhiét 6 phai tim 1én téi hang tram thi phuong phap Gauss -Seidel t6 13 rat uu thé.
5. Phuwong phap Ma tran nghich dao

H¢ phuong trinh tuyén tinh nhiét d6 dang ma tran :

a11 a12 a13 - aln Tl Cl
a a a N
21 Q22 Q33 21| ) T, _ C, (2.60)
e ¢ Y e AV S C,
Hay ¢ dang gon sau :
[a;]. [Ti] =[Ci] (2.61)
Tur d6 sé rut ra duoc :
[Ti] =[Ci] [ag] ' (2.62)
trong d6 [ai] ~! 1a ma tran nghich ddo cua [aj] c6 dang :
bll blz b13 e es bln
b,y by, bps ... .. by,

Céc phén tir bjj ctia ma tran nghich dao 13 phan bu ctia ma tran chuyén vi cua [a] .
Khi d6 nhiét o phai tim s€ 1a :

Tl = b11C1 + b12C2 + b13C3 ++b17’l
TZ = b21C1 + bzzCz + b23C3 +.... +b2nCn
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T3 == b31€1 + b32€2 + b33C3 +.... +b3n CTL
Tn = bnlcl + anCZ + bn3C3 +.... +b7’lTLCTl (2.64)

Ngay nay nhd cong cu tinh toan hién dai va cac phan mém tién tién nén phuong phap ma tran nghich dao
duoc giai rat thuan tién .

18



